Abstract. Let (M 3 , g 0 ) be a complete noncompact Riemannian manifold with nonnegative Ricci curvature and with injectivity radius bounded away from zero. Suppose that the scalar curvature R(x) → 0 as x → ∞. Then the Ricci flow with initial data (M 3 , g 0 ) has a long-time solution. This extends a recent result of Ma and Zhu.
In a recent paper [MZ] Ma and Zhu announced the following result: Let (M 3 , g 0 ) be a complete noncompact Riemannian manifold with nonnegative sectional curvature such that |Rm(x)| → 0 as x → ∞. Then the Ricci flow with initial data (M 3 , g 0 ) has a long-time solution.
In this short note we'll improve Ma and Zhu's result by showing the following Theorem Let (M 3 , g 0 ) be a complete noncompact Riemannian manifold with nonnegative Ricci curvature and with injectivity radius bounded away from zero. Further assume that the scalar curvature R(x) → 0 as x → ∞. Then the Ricci flow with initial data (M 3 , g 0 ) has a long-time solution.
Proof. We'll adapt the idea in [MZ] to our case. Since the sectional curvature of (M 3 , g 0 ) is bounded, we have the short time existence of a solution (M 3 , g(t) ) to the Ricci flow equation
). Also note that the Ricci curvature of g(t) remains nonnegative along the Ricci flow again by Shi ([S2] ).
Let the maximal time interval of existence of (M 3 , g(t)) be [0, T ). We'll prove by contradiction that T = ∞. Suppose T < ∞. Since (M 3 , g 0 ) has injectivity radius bounded away from zero, (M 3 , g(t) ) is local non-collapsed by Perelman [P] (see in particular the first paragraph in section 3.4] ;also compare with [MZ,Lemma 3.1]).
By a theorem of Chau and Tam ([CT, Theorem 1.1] which extends Perelman's pseudo-locality theorem in [P] ) we know that there exists some compact set S ⊂ M 3 such that |Ric(x, t)| is uniformly bounded on (M 3 \ S) × [0, T ). But the scalar curvature of (M, g(t)) must blow up at time T , hence there exists p ∈ S such that the scalar curvature R(p, t) → ∞ as t → T . Choose a sequence t n → T such that Q n = R(p, t n ) → ∞. By the Hamilton-Ivey pinching estimate, Hamilton's compactness theorem for Ricci flow, and the work of Perelman ( see Theorem 11 .8]) the rescaled solutions (M 3 , Q n g(t n + Q n −1 t), p) subconverge to a κ− solution (M ∞ , g ∞ (t), q), which has zero asymptotic volume ratio, again by Perelman [P] . ( Compare with [MZ] .) So given any ε > 0, there exists r > 0 such that V olB g∞ (0) (q,r) r 3 < ε 2 . Then, when n is sufficiently large we have
Since |Ric(x, t)| is uniformly bounded on (M 3 \ S) × [0, T ), the volume of any compact region in M 3 \ S decays at a controllable speed. So there exist a positive constant δ and a compact region Ω ⊂ M 3 \ S such that V ol g(t) Ω ≥ δ, t ∈ [0, T ). Choose r 0 sufficiently large such that Ω ⊂ B g0 (p, r 0 ). Then since the Ricci curvature of g(t) remain nonnegative, we know that the distance function of (M 3 , g(t) ) is decreasing, so we have Ω ⊂ B g ( t) (p, r 0 ), t ∈ [0, T ).
Choose n sufficiently large such that r 0 > r Qn 1 2
. By Bishop-Gromov theorem
But if we choose ε < δ/r 0 3 , then the above inequality contradicts the inequality (*), and we are done.
Remark The above proof is a modification of that of Ma and Zhu ([MZ] ). It seems to me that the arguments in [MZ] may contain some gaps. In their arguments in [MZ] , Ma and Zhu quotes a theorem of Hamilton (see Theorem 2.3 in [MZ] ) to imply the existence of S ( where it is denoted by K), but it seems that Hamilton's theorem is not sufficient for this implication.
